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Geometric Jacobian Computation

In order to compute the Jacobian, it is convenient to proceed separately for the linear
velocity and the angular velocity, this is called GEOMETRIC Jacobian.

For the contribution to the linear velocity of the end effector e, the time derivative of
P.(g) can be written as

n {i’) n NOTE:
p. = E : Pe q; = E JP(ﬁ, Frame O and Frame e are taken as the
- . Iqi ! base frame and the end-effector frame, respectively.

This expression shows how the velocity of p.can be obtained as the sum of the
terms q’i jri.

And we will use for this a sort of superposition principle considering each single
joint contribution.



Jacobian Computation

Each term represents the contribution
. Op. .« . of the velocity of single Joint i to the
Pe = Z $i = ZJF’*’% end-effector linear velocity when all
the other joints are still.

Therefore, by distinguishing the case of a prismatic joint (g;= di) from the case of a

revolute joint (gi= ), It is: _ .
GiJp; = dizi_1

If Joint i Is prismatic, from Ip; = Zi_1.

Q}iJP-i = Wi—1,i XTi—1e = Vizi_q1 X (PE — P-;t_1)

If Joint i is revolute
Jpi = =2i—1 X (Pe — P-;i_1)-



Jacobian Computation

re T
For the contribution to the angular velocity We = Wy = Z Wi—1,i = Zjo-gfj-;:f
1=1 1=1
Prismatic w;_,,=0. vi_1;=4d;z;i

Revolute w;—1; = vz 1.

Prismatic ¢iJo; =0 Joi = 0.

Revolute 'S?-s'.Joq: = ;2,1 Joi — <i—1-



Jacobian Computation

Jp1 JpPn

| Jo1 Jon |

for a prismatic joint

zZi—1 X (p. — P-;:—l)
\ <i—1

] for a revolute joint.

All the vectors z-, p.and p-.are all functions of the joint variables.



Geometric Jacobian Computation

The Jacobian matrix depends on the frame in which the end-effector velocity is
expressed.

The above equations allow computation of the geometric Jacobian with respect to the
base frame. If it is desired to represent the Jacobian in a different Frame u, it is
sufficient to know the relative rotation matrix RY

[pt”] — [R Y ] [p? ] . which. substituted in Ve = [p'ﬂ ] = J(q)q

w" O R"||w. We

(=

p'] [R* O] ,. . [R* O
KR A b



Geometric Jacobian: Three-link Planar Arm

T3 —sS123 0 ajep +ascio Fascas
0, « A0 41 42 | S123 c123 0 aps; + assia + azsiaz
0 0 0 1 i

DH parameters for the three-link planar arm

Link a; v d; ;
1 1 0 0 v, 1
2 a2 0 0 v, 2
3 as 0 0 U3




Geometric Jacobian: Three-link Planar Arm

( Zi—1 ) , AP
for a prismatic joint

JOi Zi—1 X (p. — P-;:—1>
\ ~i—1

] for a revolute joint.

J(q) | 2o X §2 _PD) z1 X (Ppy _P1> Zo X (P — Pz)
20 Z1 Z2

Computation of the position vectors of the various links gives

0 a1 a1¢1 + ascqo a1C1 1+ 2C12 + a3C123
Po= |0 P = | ar1sy Py = | a1s1 + assio P3 = | a151 T+ a2812 + a3si23
0 0 0 0

2
|




Po =

Geometric Jacobian: Three-link Planar Arm

(1151

b
|

altﬁ_%—(lgﬂlg
(1151 + a2812

0

a1C1 T a2C12 + A3C123
P3 = | a1s1 + a2s812 + a3si123
0

while computation of the unit vectors of revolute joint axes gives since they are all parallel to axis zo

[ —@15] — a2512 — (35123
a1C1 + A2C12 + A3C123

-

_— O O

—a2512 — 435123 —A35123 |
(12C12 + A3C123 3123

0 0

0 0

0 0

1 1




Geometric Jacobian: Anthropomorphic Arm

Link a; v d; Vi
1 0 /2 0 U
2 (0] 0 0 l)Q
3 as 0 0 U3
KSR S1 07 rc; —s; 0 a;e;
0/ S1 0 —C1 0 i—17 . S; C; () (;S;
A (V) = A7 (0;) =
— 1( 1) 0 1 0 0 i ( l) 0 0 1 0
0O 0 0 1 L0 0 0 1
P = 2.3
| C1C93 —C1593 S1 C1 ((1-2 Co -+ (1-3(23)
) 2 $1C23 —S1823 —C1  S1(azc2 + azca3s
T3(q) = ATAAS = ( )
593 Co3 0 (252 + (3523
0 0 0 1 _




Geometric Jacobian: Anthropomorphic Arm

(0 <1 )

Po=pP, = |0 Po = | a251C2 Ps = s1(ascy + tl-gf-’?z:a)
_O_ | a252 | (12S9 + (135923




Geometric Jacobian: Anthropomorphic Arm

T —s1(agco + azcaz)  —ci(asss + azs03)  —azc1S93 ]
(:1[(1-2(:2 + (Lg(zg:_:,) —‘-}1((},)‘1) -+ (13 Hf}g) — 351523
0 12Co + (3C93 a3C23
0 S1 S1
0 —C —Cq
i 1 0 0

Having 3 DOFs only, it is worth considering the upper (3 x 3) block of the Jacobian

Jp =

—s1(asco + azcas )
61(a262-+-a3023)
0

—c1(asss + azssz)
—S51 ((}, 259 -+ (i-;gbgg)
a2C2 + a3C23

—a3C1523
— Q351523
(13C95

p. =Jpr(q)q

that describes the relationship between the joint velocities and the end-effector

linear velocit‘.



Thank you for your Attention!!!




