) e Robotics 1
Homogeneous Transformation
Denavit & Hartenberg Notation

e la a d ZZ\p, X,

Link (o') (0)(mm)(mrln)
0 6 % a d,

116, |a,[ &, | d,
20, |a,[a, | d,
3 6, 0 0 d, |
Joint2 (R) & kas Link 3
Joint 1 (R) _ IR e
Link 1 reference
0, frame
zs

Link O (Base) 9

Ys P,
Xs



Kinematics: spatial description and transformation

Robotic manipulation implies
multiple actions:

*Moving tools

*Picking objects

*Assembling parts

END-EFFECTOR

ROBOT BASE

OBJECT

We must relate the kinematics of the object to be manipulated with
the one of the robotic manipulator.

Both the robot and the object must have Reference Frames
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A KINEMATICS: SPATIAL DESCRIPTION AND TRANSFORMATION

END-EFFECTOR
{EE}

OBJECT

Coordinated
Reference frames
* the robot

* the object

END-EFFECTOR
ROBOT BASE {EE}

ROBOT BASE

el
-
-
-
-
-
-
-
-
-
-
-
-

OBJECT

Finding the
Transformations
among the Reference
frames
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{B}

(EE}

ROBOTBASE e

{0}
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Writing the orthonormal base of the reference frame {EE} in terms of
the coordinates of the the {A} frame, we obtain the following
Rotation Matrix:

Ap 1A 4 4 B
e R = X e, Yop, Lpp 1= 1y 1y Py

The set of the three vectors specifes the orientation of {EE} respect to

{A}.



UNIVERSITAT

We can express also the components Fij as product of unit
vectors of the orthonormal bases of {A} and {EE}.

SEIT 1386

XEE'XA YEE'XA
EgR :[AXEE?AYEEDAZEE]: XEE'YA YEE'YA
XEE'ZA YEE'ZA

v

: A
XEE expressed in {A} XEE

Y., expressedin {A} AYEE

ZEE 'XA
ZEE'YA
ZEE'ZA

\ 4

Z . expressed in {A} AZEE
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i We can express also the components Fij as product of unit
vectors of the orthonormal bases of {A} and {EE}.

XEE XA YEE'XA ZEE‘XA
EgR :[AXEEaAYEE»AZEE]: XEE'YA YEEoYA ZEE YA
_XEE ZA YEE'ZA ZEE'ZA_
\ 4
XA expressed in {EE} EEXA
Y, expressed in {EE} EEYA
v

Z , expressed in {EE} EEZA




nvessi Property of the rotation matrix

EEXAT
EgR :[AXEE,A YEE,AZEE] — EEYAT :EfRT

EEZ T
A

Hence is possible to express the rotation of the frame {A} respect to
the frame {EE} using the transpose of the matrix:

EEp_ ApT
AR_EER
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The frame {EE} is not only rotated respect to {A} but also
translated.

In robotics a Frame is an entity described by 4 vectors:

*3 vectors defining the rotation matrix—> E;R

A
*1 vector defining the translation—> Py



g Moz Evaluating the translation

A
PEEis the projection of the position of {EE} into the unit
vectors of the frame {A}.

_PEE'XA
APEE — PEE'YA
_PEE’ZA_
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Base + end-effector + object

-----------------

-
-
-
-
-
-
o
.
-
-
-
-
)
-
-

ROBOTBASE e

{0}
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General case when we know the position of an object {O} in a frame {EE} and
we want to know its position respect to the frame {A}

{EE} is translated respect to {A} > APEE
{EE} is rotated respect to {A} = E_;; R

. . EE
{0} is represented in {EE} by > F,

{0} must be known also respect to {A} 2> 1p
0
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A
How to evaluate 1,?

EEPOfrom {EE} must be expressed in a frame of the same orientation of {A}

We account of the translation between the origin of {EE} and {A}

4‘—---~~ PRIt N

A EE A
P_‘EER P‘ PEE ,'

~.q’——'

Orientation Translation
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PO_EER' PO+ PEE

AP T EEP A more elegant form using the
O transformation matrix: E‘éT

AR 4p | [3x3 3x1
Ef:T _| EE EE | _ _ [4><4]
_OOO 1 ] _1><3 1><1_

This is called Homogeneous Transformation and it will be useful
when considering multiple frames of the robot and mapping the
positions to arrive at the formulation of the kinematic problems




HOMOGENEUOS TRANSFORMATIONS

A
EET_

3x3 rotation matrix

Ay 3x1 translation

1x3 perspective

Eg R AP EE
| 000 )
T, t, r, | @A
r, r, I,

I, I, ) | @
0 0 0

1 global scale



\ | UNIVERSITAT
HEIDELBERG

Homogeneous transformations

“applied”|position vector
(with specific origin) < pg,p

RFg

‘affine’ relationship

|

Ap = "pag + "Rp °p

applied” position vector
(with specific origin) < py, .

RF,

«—— |inear
relationship

vector in homogeneous 4x4 matrix of
coordinates homogeneous transformation
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Summary

Properties of T matrix

describes the relation between reference frames
(relative pose = position & orientation)

transforms the representation of a position vector
(applied vector starting from the origin of the frame)
from a given frame to another frame

it is a roto-translation operator on vectors in the
three-dimensional space

it is always invertible (ATg)! = BT,

can be composed, i.e., AT. = ATg BT < note: it does
not commute!



Robot kinematics using homogeneous
de transformations

‘| SEIT 1386

Knowing the geometrical features of a manipulator and
associating to each link a reference frame, we are able to use
homogenous transformations among the links and formulate

the Kinematics




Robot kinematics using homogeneous
2 transformations
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Considering the four frames, arbitrary chosen
on the four links, it is possible to write down
the matrixes of the single homogeneous
transformations.

7y = Rot(z,q1)Trasl(z, Ly);
1Ty = Trasl(x, Ly)Rot(y, ¢2);
2T3 = TI"{?..S[(Z, Lg);

Multiplication among the transformation leads to the transformation between the BASE
{0} and the END-EFFECTOR {3} expressed in function of the configuration space variables

(q1 and q2)

C ChCy =571 C153 | L3SC1 + LoCy T
510 4 S159 | Lg3S9S1 + LaS;
—Sy 0 Chy L3Cy + Ly

Abbreviations: C= cos(q;), S;= sin(q;) |0 0 0 1 .

0T3 = T11 TQQT:B =
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ROBOT KINEMATICS USING HOMOGENEOUS
| e TRANSFORMATIONS

X3

The obtained transformation is the
forward kinematics of the manipulator.

_______

(X, %5, %5...X, ) =F(q,,9,,95-----9,,)

,-71(._-*2 —51 C-Tl SQ LgSQC-'l ) LQCH ]
S51Cy C1 5153 | L3S251 + LaS;
-5y 0 5 L3Cy + L4
0 0 0 1

B =TT —
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ROBOT KINEMATICS USING HOMOGENEOUS

TRANSFORMATIONS

Rotation of the end-effector

NG —5 €5 LSt Ea
86 € 5.5 TS v daS
=g @0 @& Lals 4 s

@ 0 1

Coordinates of the end-effector respect to the

base:

x=L,sin& cosH +L,cos

yv=L;sm&snG+L,smG

z=1L,cos4 +L,




o Denavit—Hartenberg Convention

ZUKUNFT
SEIT 1386

A method is to be derived to define the relative position and orientation of two
consecutive links;

the problem is that to determine two frames attached to the two links and compute the
coordinate transformations between them.

JOINT 1—-1 JOINT 2 JOINT 1+1

g//ll\r{ i1 %INK i

O, ;

\ ¥ X
\ i )
i 4 1+ Y. )

B 4’1’_‘1 T
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description “interna slide s
to the robot usis

7. +— approach a

normal n

description “external”
to the robot using

% T {P} _ {nsap}

000! 1 0001
BTe = T, °A1(ay) TAx(qy) ---"TAN(Gn) "Te oI = (ryelm)

r=f(q)

alternative descriptions of the direct kinematics of the robot



: __ FORWARD KINEMATICS:
THE DENAVIT-HARTENBERG CONVENTION

SEIT 1386

the forward kinematics problem can be addressed using a more
systematic method by the Denavit-Hartenberg convention.

Joint ¢

Joint: + 1

End effector
Link n

In D-H convention each link has a reference frame opportunely placed
and with the orthonormal axes opportunely directed
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In D-H convention each homogeneous transformation between consecutive links is
thought as Four consecutive transformations (link i in link i-1 coordinates)
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In D-H convention there are important 4 quantities:
1. Link length @,

L ot . ..
2. Link twist &, These quantities are always

3. Link offset d.
4. Jointangle @ evaluated from the link i
l respect to the link i-1
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Link length @,

It is the distance between the axes Zi and Zi-1 measured
along xi
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Link twist Q.

It is the angle between the axes Zi and Zi-1 measured
around Xi
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Link offset d,

It is the distance between the axes Xi and Xi-1 measured
along Zi-1
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Joint angle 0,

It is the angle between the axes Xi and Xi-1 measured
around Zi-1
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The idea is composing a TABLE which will allow to find the
homogeneous transformation among each pair of link

In D-H convention there are important 4 quantities:
1. Link length 4@,
2. Link twist

3. Link offset d,
4. Joint angle 0.




D-H Table convention
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Create a table of link parameters a;. d;. a;. 6;.
a; = distance along x; from o; to the intersection of the x; and z;_1 axes.
d; = distance along z;_1 from o, ; to the intersection of the z; and z;_y axes. d; is
rariable if joint 7 is prismatic.

«; = the angle between z;_; and z; measured about z;

f; = the angle between x;_1 and x; measured about z;_1 . 6; is variable

if joint ¢ is revolute.

Link | a; | o; | d; | 6;
1
2

o

n
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Example 1: Planar Elbow Manipulator
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First row between link 0 and 1

Link | a; | a3 | d; | 6;
1 a; | 0 | 0O :
2 as | 0 0 | 63

Link length a,

It the distance between the axes Z1 and Zo measured
along x1
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First row between link 0 and 1

Link | a; | a3 | d; | 6;
1 a; | 0| 0 | 6%

2 as | 0 0 | 65

Link twist o,

It the angle between the axes Z1 and Zo measured around
X1
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First row between link 0 and 1

Link | a; | a3 | d; | 6;
1 a; | 0 | 0 | 6%
2 as | 0 0 | 63

Link offset d.

It the distance between the axes X1 and Xo measured
along Zo
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First row between link 0 and 1

Link | a; | a3 | d; | 6;

1 ap | 00|67
2 (19 0 () HE

Joint angle 0,

It the angles between the axes X1 and Xo measured
around Zo
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second row between link 1 and 2

Link | a; | a3 | d; | 6;
1 a; | 0 | 0O :
2 as | 0 0 | 63

Link length a,

It the distance between the axes Z2 and Z1 measured
along x2
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second row between link 1 and 2

Link | a; | a3 | d; | 6;
1 a; | 0 | 0O :
2 as | 0 0 | 63

Link twist o,

It the angle between the axes Z2 and Z1 measured around
X2
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second row between link 1 and 2

Link | a; | a3 | d; | 6;
1 a; | 0 | 0O :
2 as | 0 0 | 63

Link offset d ;

It the distance between the axes X2 and X1 measured
along Z1
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second row between link 1 and 2

Link | a; | a3 | d; | 6;
1 a; | 0 | 0O :
2 as | 0 0 | 63

Joint angle 0,

It the angles between the axes X2 and X1 measured
around Z1
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We have now two homogeneous transformation

Yo
\/ Link | a; | a; | d; | 6;
V /

1 ap | 0 | 0|6
2 as | U () i

1 —s1 0 aypep ]
| s1 1 0 aysy
T, = & = 0 0 1 0 Rotation around Z, and translation of @,
o 8 |
[ 9 —s9 0 agcy |
1 T . 4 L 59 (&) 0 1959
2 — A2 = 0 0 1 () Rotation around Z, and translation of 4,
() I 1
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Finally the forward kinematics relating the base to the end effector

THE DENAVIT-HARTENBERG CONVENTION

Link | a; | o; | d; | 6;
1 a; | 0] 0|67
2 as | O | 0 >

Forward Kinematics is provided by the transformations:

c12 —s12 U
0 a4 |is1m ey U
I = ssfla=|1lg g 1
0 0 0

Rotation of the end-effector
around the axis zo

Coordinates of the end-effector respect to the

base:

aici + asc12

(1151 + 12512
0

1

T = G161+ aacio

Yy = a181 -+ a9819
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Example 2: three link planar

Three-link planar arm

s /p

DH parameters for the three-link planar arm

Kinematics of Typical Manipulator Structures (D-H)

Link a; o d; J;
1 ai 0 0 Vel
2 as 0 0 D)
3 (3 0 0 ?')3
To REMEMBER
d. --> distance Zi and Zi-1 along xi
O, -->angle Zi and Zi-1 around xi vl —ay 0 T
Ty s; ¢ 0 a;s;
d . . . . Ar 1(1.)11) _ _a _z. z_ i
; ——>distance Xi and Xi-1 along Zi-1 z 0 0 1 0
L0 g 0 I

0,- --> angle Xi and Xi-1 around Zi-1




Kinematics of Typical Manipulator Structures (D-H)
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Three-link planar arm A Fre:. —a; 0 dgesn
R o
| Y~ /p" S s; ¢ 0 a;s; , ,
B [ A7 () = | | | i =2 3.
N W= 10 0 1 o0
L6 0 € 1 J
[iC123 —S123 0 5(1-1(.'71 + GoC12 + A3C123 _
0 0 41 42 5123 c1o3 0 50’-181 + a2812 + a-351235
TS{Q) = A]_AQAY = 0 i = .
L 0 0 0 i .
q= |91 Va2 U3 }T
Rotation of the end-effector Coordinates of the end-effector respect to the

around the axis zo base



D) Video D-H: how to chose references

R

)2

? ZUKUNFT
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d is the depth along the previous joint's z axis

https://www.youtube.com/watch?v=rA9tm0gTIn8
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Example 3: antropomorphic Arm

DH parameters for the anthropomorphic arm

Lillk (; (87 (lg, 1)3'
I 0 /2 0 o)
2 as 0 0 Vs
3 as 0 0 '3

To REMEMBER

d. --> distance Zi and Zi-1 along xi
O, -->angle Zi and Zi-1 around xi

d,- -->distance Xi and Xi-1 along Zi-1

H,- --> angle Xi and Xi-1 around Zi-1




Kinematics of Typical Manipulator Structures (D-H)

| | HEIDELBERG
ZUKUNFT

Example 3: antropomorphic Arm g1 O mp 0
0/.¢ o 51 0 —C] 0
Al ( l)l) — 0 1 0 0
L0 0 0 il
& —8; 0 Tl
i1 7.0 s; ¢ 0 a;s; . .
AE ()= 0* 0‘" | ’b ; b= D
0 0 0 | [
[ C1C23 —C1523 51 ci(agca +a 3*’03)
O v al 4l a2 _ |S=iess —sissy —e (ﬂzca + azco3)
T3(Q) B Al A?'A; . 5923 93 0 (19 —|— 35923
0 () 0 1 J
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THE DENAVIT-HARTENBERG CONVENTION

Example 4: Three-Link Cylindrical Robot

Link | a; | o | d; | 6
1 0 0 di | 6]
2 0| -9 (d5 0
3 0 0 ds | 0

* variable
¢cg —s1 0 0 7

B gt e 0 0

N 0 0 1 di
G 9 0 1 |
L @ 8 9

B 0 0 1 0

o 0 -1 0 ds
| 0 0 0 1
T O O I

_ 01 0 0

N 0 0 1 ds
AV A |

To REMEMBER

d. --> distance Zi and Zi-1 along xi
X, -->angle Zi and Zi-1 around xi
d,- -->distance Xi and Xi-1 along Zi-1

H,- --> angle Xi and Xi-1 around Zi-1
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THE DENAVIT-HARTENBERG CONVENTION

Example 4: Three-Link Cylindrical Robot

Link | a; v; d; | 0;

1 (0] 0 [d |6
0| -9 (d5 0
0 0 ds | 0

[

* variable
Forward Kinematics is provided by the transformations:

rt

e (0 —HIE —s1ds ]
B aity < | 0 4] o
e S 0 —1 0ii di+do
6§ o T

Rotation of the end-effector
around the frame x0 y0 z0
(which is a rotation around z0)

Coordinates of the end-effector respect to the
base



) e Recalling Rotation matrix
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cosa —sina ()
R.(a)= | sihna cosa 0
0 0 1

cosB 0 sinf | Bl 0 0
R (8) = 0 1 0 R.(7) = |0 cosy —sin~

—sin3 0 cosf R
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Assume in this case the base as the link 3

Example 5: Spherical Wrist s not visible, and compute normally D-H.

Link | a; | oy d; | 0;
4 0] -9 | 0 | &
5 0 90 0 | 05
6 0 0 dg | O

) gripper
* variable
C4 0 —s4 0 i
oy 14, — | % 0 e 0 To REMEMBER
. . Ag = ; .
: : 0 —-1 0 0 a . . : :
0 0 0 1| ; > distance Zi and Zi-1 along xi
K- 5 0 S5 0
i ss 0 —ec5 0 . -->angle Zi and Zi-1 around xi
R 0 41 0 0
0 0 0 1

- d,- -->distance Xi and Xi-1 along Zi-1

. e s cg 0O 0
= 0 0 1 dg 0,--->angIeXiandXi-laroundZi-l

g O @& 1
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Example 5: Spherical Wrist

Link |a; | o | di | 6

-k )

. BHFIHE

o - l 9 > g Te
oo At I/\- 6 0 0 |dg | 0g

* yariable

C P 3 Coordinates of the end-effector respect to the
T; = A4AsAg = 6 Y6 base (in this case is link 3 the base which is not

L 0 1 visible)

CACECg — S48 —C4C58g — 84Cg €4Sy cq85dg h
S4C5Ce + C48¢ —S54C558 + C4Cg 5455 s455dg
. _.", ] ‘C'\‘ !". 1 E . . ]
Rotation of the end-effector 55C6 5556 Cs rr_:,dg ______ :
around the frame x4 y4 z4 I 0 0 0 1
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; pa The Forward Kinematics of the whole device is obtained by
R multiplying the transformation obtained in the previous
examples:
JF P T = T
g A3
|/ 91
B >
_\\—\\k Example 2 Example 3
[ c1 0 —s1 —sids | [ cacsce — sase —cacsse — sace cass  cassds |
T — s1i 0 a ads S4C5Ce + €486 —S54C586 + C4Cg 5455 S4S5dg
6 0 —1 0 d 15 ffg —55Cq S5Cq Cxg Crl f{j
| 00 0 1 14 0 0 0 I
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Example 6: Cylindrical Manipulator with Spherical Wrist (Example 2-3 assembled)
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[ 1 0 —s1 —s1dy | [ cacseg — S48 —ca055 — Sacg  €4S5 b cassdd |
TD 51 0 Ci (_"1-'_1’-3 S4C5Cg + C48¢ —S4C586 + C4Cg S4Sh S4-‘.’s‘5dg
2 0 -1 0 dy+do —S5Cq S5Cg Cs csdg
| g 0 0 1 4 0 0 0 1 ]
Rotation of the end-effector i
Coordinates of the end-effector respect to the base
respect the frame x0 y0 z0
r11 = C1C4€E5CE — C1545g 1 S185CH
“Fi_ f'1{?4.‘.-s‘5f_’f.8 —= .*->'1(‘5r’175 — -5'1{'33
91 = S1C4C5C6 — 515456 — C1S5C6
r'!’.y — sic4as5dg + ciesdg + c1d3
T3l = —S84C5Ce — C45¢6
d, = —sysydg+ dy+ do.
Fia = —C1640588 —€1846 — 515588
rgy = —8{C4C556 — 18456+ €iS5Ce
T32 = S54C5C6 — C4Ce
13 = C1C€455 — 51C5
TR — SiegsyHeies
r33 = —S5455
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Example 7: spherical Arm

Kinematics of Typical Manipulator Structures (D-H)

To REMEMBER

Spherical arm d. --> distance Zi and Zi-1 along xi

X, -->angle Zi and Zi-1 around xi

d,- -->distance Xi and Xi-1 along Zi-1

H,- --> angle Xi and Xi-1 around Zi-1

Ys DH parameters for the spherical arm
B
Link @; % d; s
1 0 —7r/2 0 U1
2 0 /2 da P
} s 3 0 0 ds 0
— -
Y



) e Recalling Rotation matrix
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cosa —sina ()
R.(a)= | sihna cosa 0
0 0 1

cosB 0 sinf | Bl 0 0
R (8) = 0 1 0 R.(7) = |0 cosy —sin~

—sin3 0 cosf R
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Example 7: spherical Arm

Spherical Mll/

T3(q) = AJA3A; =

Al (V) =

Cq 0
S 0 ¢y 0
0 -1 0 0
g 0 0 1

0_

_.5'1

i
S
A3 ( d-‘f‘; ) T U
|0
C1Co —3S1 C1 892
51C9 C1 5152
— 59 0 Co
0 0 0

0

0
0

Ay (1) =
0 O
0 0
1 (1;3
g 1

-

0

S
[SVI BV

=

- o o

(."183_({3 — .‘_-1'1{13 ]

S189ds + ¢1ds

cods
1

Kinematics of Typical Manipulator Structures (D-H)
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Example 8: Stanford Manipulator

% Stanford manipulator

Stanford Manipulator:
it consists in a Spherical Arm + Spherical Wrist
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Recall Example 3: spherical wrist

To REMEMBER

d. --> distance Zi and Zi-1 along xi
X, -->angle Zi and Zi-1 around xi

d,- -->distance Xi and Xi-1 along Zi-1

H,- --> angle Xi and Xi-1 around Zi-1

DH parameters for the spherical wrist

Link a; Vi d; U,
4 0 —7 /2 0 )4
5 0 /2 0 0
6 0 0 deg g
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Recall Example 3: spherical wrist
_(?4
Ai(’l)at) = :;
L 0

[ C4C5C6 — S456

2 __ A3 A4 45 _ | S4C5Ce T CaSe
T:(q) = AJA-Ag = o
S&C

. 0

D =8y 0]
0 cey 0
-1 @' D
o0 ¢ 1l

Cq
56

Ag (Vg) = 0

—C4C556 — S4Cg
—54C556 T C4Cg

S556

0

—S56

C6
0
0




Example 8: Stanford Manipulator
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2T [C4C5C6 — S456  —CaC556 — S4C6 €485  C485dg
§o 43 44 45 | s4ose+eysg —Sucsse + 6406 Sasy  S4s5dg
Ts(q) = AjAAG = . -
g : S 55 CG S 5 .56 C.‘j CFJ dﬁ
1 0 0 0 1

) )3
T8 —lips

3 5

(€3¢ —8; 4p8se 6'1.5‘2(1’-3 — Sld-_) ]
) ‘ 51C: c $1S0  S18ods + c1ds
Tg(q) — A'[lAA]jAZ e 162 _1 1 1 3 ]
' ' — 8 0 Co (__'.'gd.g
. 0 0 () 1 )
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Example 9: Stanford Manipulator (entire structure)

This manipulator is an example of a spherical (RRP) manipulator with a spherical wrist. This manipulator has an
offset in the shoulder joint that slightly complicates both the forward and inverse kinematics problem:s.
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We first establish the joint coordinate frames using the D-H convention as shown below.

Variable coordinates are in RED

Link | d; | a; | o | 0,
1 00| —-90]|a@,
2 dg 0 —+ 90 02
3 d| 0| 0 |0
4 0| 0] —-90]a@,
5 [ 00 |+490 |0,
6 de | 0 0 |0

Example 9: Stanford Manipulator

To REMEMBER

d. --> distance Zi and Zi-1 along xi
O -->angle Zi and Zi-1 around xi
d,- -->distance Xi and Xi-1 along Zi-1

H,- --> angle Xi and Xi-1 around Zi-1




Example 9: Stanford Manipulator

It is straightforward to compute the matrices Aias

£1
a1
0

o

59
0

0
0
()

0
0

0

™ E

1
0
0

sl
]

]

b
-
=l

%]

4
S4

0

0
(4
Sg
0
0

- e

5 6
0
0

—sg
Ce

0

0

—s54 0
s WL,
0 D
0 1
S5 0
—cy {
ST,
1
0 0
0 0
1 dg
0 1

Link | & | | o |0
1 Jo]o]-9]e,
2 do | 0 | +90 | 6,
3 d, | 0 0 0
4 0 0 —-90 |8,
5 0|0 |+4+90]80.
6 |de| 0| 0 |0
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o Example 9: Stanford Manipulator
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Ty is then given as T? = A;p---Ag

1 T2 T3 dy

B To1 T99 T93 dy

31 T32 733 d
() 0 0 1

Rotation of the end-effector respect the frame x0 y0 z0

™M1 = (€1 [C’Q(C‘4(‘5c‘5 —== 3435) == 3255(2‘5} = ffg(ﬁgc':g,-‘.'fﬁ -+ f."4f=‘6)

ro1 = silea(cacsee — sas) — sassee] + ci(sacsce + cas6)

r31 = —sa2(cacsce — S456) — €2S5CE

TY9 = 4 [—{i‘g{{2:4{?:5 Sg + Sacg) + 52.5‘5551 —:81( —546558 -1 €ACg)

rog = —81[—1'_'32(1'_':4-‘:‘535 + sacg) + 323556] + c1(—s4c586 + cace)

reg = So(cgcs56 + Sac6) + €oS556 Coordjnates of the end-effector respect to the base
ri3 = c1(cocysy + socy) — 515455 dy = c159d3 — sypdy + +dg(crcacyss + cie5s0 — 515455)
rog = si(cocyss + socs) + 018485 dy = s1sad3+ crda + dg(c15455 + cacas155 + c55152)
T3z = —S59C4S5 + €2Ch d: = cads+ dg(cacs — cas255).
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EXAMPLE 10: SCARA Manipulator

As another example of the general procedure, consider the SCARA manipulator.
This manipulator, consists of an RRP arm and a one degree-of-freedom wrist, whose motion is a roll about the
vertical axis.

o

.

==

L

St
f'.

L

I

’:_;];l
J |

|
—_
|
i

L9y 24




2\ | UNIVERSITAT
%/ | HEIDELBERG

Variable coordinates are in RED

Lk | a; | o | & | &
1 ( 0 0 | @,
2 ar | 180 | 0 | 0,
3 0 0 d,
4 0 0 |dygy| 0,

To REMEMBER

d. --> distance Zi and Zi-1 along xi

X, -->angle Zi and Zi-1 around xi

d,- -->distance Xi and Xi-1 along Zi-1

H,- --> angle Xi and Xi-1 around Zi-1

EXAMPLE 10: SCARA Manipulator




Asg

As

Ay
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1
S 1
0

0

9

59
0

0

0
0
c4
54
0
0

— 51
{'_11
0
0
59

—co
0
0

0 0

0 1

0 0
— 54

c4
0

aict
(1151

0

asca
1259
0

C12C4 T S1254
512C4 — C19254
0
0

—C1954 + 819C4
—51254 — €12C4
0
0

Dy,

s |

0
0
|
0

The forward kinematic equations are therefore given by

(1C1 + a9C19
1581 + as5192
—d3 —dy
1




Joint Space and Operational Space
(kinematic redundancy)
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P.
P,

b P—
a’e :{:E’ =

where p_ describes the end-effector position and ¢, its orientation.

St sy

The vector x, is defined in the space in which the manipulator task is specified;
hence. this space is typically called operational space.

joint space (configuration space) denotes the space in which the (n x 1) vector

of joint variables e

q:

| 4 |



Joint Space and Operational Space: Example
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fc1o3  —s123  0f faycy + ascia + azciaz’]
0 A9 gl a2  |iS123 C123 0 50-15‘1 + as812 + a-:3-9123§
Tala)=A1d2A5= | 9" 0 1 0 |
I 0 0 1 4
Pz aici + azcCi2 + a3C123
Le = | Py | = k(q) — | @181 + a2812 + a3S5123
o U1 + a2 + Vs
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A manipulator is termed kinematically redundant when it has a number of DOFs which is greater
than the number of variables that are necessary to describe a task.

For an n-DOF manipulator, the reachable workspace is the geometric locus of the points that can be
achieved by considering the direct kinematics equation for the sole position part

P. = P.(q)

DIRECT

KINEMATICg

TASK SPACE
Qn

CONFIGURATION

% INVERSE
KINEMATICS

0=19.9,.9;----9,]
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a manipulator is intrinsically redundant when the dimension of the operational space is smaller than
the dimension of the joint space (m < n).

Three-link planar arm A
H U ."ll‘ IS

(m =n)' n L B~ /P

Yy
- (m <n).

3,
Two-link planar arm e >37(
: E

Wy

Y%

P



- Example of kinematic redundancy
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Thank you for your Attention!!!

Any Questions?




