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) e Inverse Position: A Geometric Approach
EX (Offset d) - f|nd|ng 61 Articulated Configuration
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U In this case, there will, in general, be only two solutions for #;.

T the so-called left arm and right arm configurations
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Inverse Position: A Geometric Approach
EX 3 (the robotic arm has offset d) : finding 04

Articulated Configuration
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Atan(z., y.)
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Atan (\/ r2 — d2, d)
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Right Arm Configuration

Atan (\/ r2 +y2 — d?, (E)

Refer to the same procedure of previous slides (articulated elbow) for the missing

angles 0, and 04
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D) e Inverse Position: A Geometric Approach
i EX 3 (offset d) : finding 04

Articulated Configuration

Yo =
el o #1 = Atan(z..y.) + Atan (—"w’ r? — d?, —d.) ,
P — _;’rff ~ r ':_.«.*::,r'fl
s/ SN AL To see this, note that
[Ty K )
/ ,-'; -~ L N V& jfi,f'-r ~ :
I D // | )
\ "\\‘ PN /i ;Il.'c o 91 — o+ 3
\ VAU
N/ ~ a = Atan(z..y.)

: 3 = 7 “+
Left Arm Configuration
v = Atan(vr? —d?%.d)

which together imply that [ = Atan (— r? —d?, —d-)

since cos(f + m) = —cos(#) and sin(f + m) = — sin(f).
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inverse solutions for an articulated 6R robot

LEFT DOWN Unimation PUMA 560

LEFT UP RIGHT UP

RIGHT DOWN
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shoulderRight shoulderRight shoulderRight shoulderRight
~ wristDown wristDown . wristUp ~ wristUp
= elbowUp = €lbowDown = elbowUp = elbowDown
1.0472 1.0472 1.0472 1.0472
—1.2833 —1.9941 —1.5894 —2.0944
—-0.7376 0.7376 _ | —0.5236 0.5236
~2.6915 [f 2.8273 1= 05422 0
—-1.5708 —-1.5708 1.5708 1.5708
3.1416 3.1416 0 0
shoulderLeft shoulderLeft shoulderLeft shoulderlLeft
* wristDown - wristDown  wristUp * wristUp
== clbowDown = elbowUp == elbowDown ~ = elbowUp
2.7686 2.7686 @ 2.7686 : ’ a 2.7686
—-1.0472 —-1.5522 —-1.1475 i —-1.8583
—-0.5236 0.5236 -0.7376 0.7376
3.1416 2.5994 0.3143 —-0.4501
-1.5708 -1.5708 1.5708 1.5708
1.4202 1.4202 -1.7214 -1.7214
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ANALYTICAL solution —\

(in closed form)

= preferred, if it can be found™

= use ad-hoc geometric inspection

= algebraic methods (solution of
polynomial equations)

= gsystematic ways for generating a
reduced set of equations to be
solved

* sufficient conditions for 6-dof arms

e 3 consecutive rotational joint axes are
incident (e.qg., spherical wrist), or

e 3 consecutive rotational joint axes are
parallel

D. Pieper, PhD thesis, Stanford University, 1968
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NUMERICAL solution
(in iterative form)

certainly needed if n>m (redundant
case), or at/close to singularities
slower, but easier to be set up

in its basic form, it uses the
(analytical) Jacobian matrix of the
direct kinematics map

of (9)
Ji(q) = 29

Newton method, Gradient method,
and so on...



Numerical Methods.
When using it?
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NUMERICAL solution
(in iterative form)

= certainly needed if n>m (redundant
case), or at/close to singularities

= slower, but easier to be set up

= in its basic form, it uses the
(analytical) Jacobian matrix of the
direct kinematics map

1) = =2

= Newton method, Gradient method,
and so on...




- Numerical approach
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= Use when a closed-form solution g to ry = f(q) does not exist
or is “too hard” to be found

= J(q) = 2_ff (analytical Jacobian)
g

Definition

[Jacobian matrix]

The Jacobian matrix of the forward kinematics mapping at a given configuration g,

is defined by:
In the case of the planar 2-DOF manipulator, one has
OFK(q)
2= 00, 06, —d; Sin(91) —dy Sin(91 + 92) —dy Sil’l(91 + 92)
J(01,0) = | 5= 5= | = dicos(6s) +dacos(By +6,)  dpcos(6 + 62)
R 1 1
06, 06,



- Numerical method 1: Newton

= = f.(q), or for any rq = f.(q)
¢ other task vector

It is a linearization using a Taylor series expansion.

= Newton method (here for m=n)
s g =f(q) = f(d9) + I(d¥) (g - ) +o(]fg-a[|2) <« neglected
The Jacobian is evaluated in the gk which is the iteration number k and

not the k' component of the joint variable vector.
What we obtained is a linear function in q.
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ow do we solve? Next gk+!

rq = fr(q) = fr(qk) + Jr(qk) (q - qk) We extract g and we have to invert the jacobian to find it.

g+l = gk + J1-4(gX) [ry - £(gX)] We call the solution gk+2

This term is the Error: the difference between ry which is where the robot should be

and the

actual position evaluated by the direct kinematics f.(q) in g¥
If the Error is zero we have solved our problem and because gk+1= gk
Otherwise we continue the iteration until and whenever a convergence is

found



p— When it works and does not?

ZUKUNFT
SEIT 1386

= convergence if q° (initial guess) is close enough to some q™: f(q") = ry

Convergence is assured if my initial set of joint coordinates (guess) q° is close to a possible
solution or of or the possible solutions for the desired task r

= problems near singularities of the Jacobian matrix J.(q)

grt=qg<+ [rg - £(q9)] x Adj(M)

-1
M det(M)

If a work with the algorithm in a gk which is close to a singular configuration, when my
jacobian is loosing rank (det(J)) close to zero), then the algorithm becomes unstable because
| am multiplying the error for a large number.



C [y When it works and does not?
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= in case of robot redundancy (m<n), use the pseudo-inverse J.#(q)

Introduce the pseudo inverse

Overactuated arm

= Consider a robot with 100 joints @ N > 6
()
Vy 5, B

it J1iz2 o0 J1,100 qi
Jo1 J2 - J2100 q2

)

8¢ » .
Kw-" Jo1 Je2 - J6,100 q100
®, )

® |t cannot be inverted




ow it works this method?

= in the scalar case, also known as "method of the tangent”
» for a differentiable function f(x), find a root of f(x*)=0 by iterating as

f(x,) !
TF(x,)

X = Xy

an approximating sequence

{x1,x2,x3,x4,x5,...} — X

» X
In case of multidimensional calculus
k+t1l = gk + - k Funktion
9 9 [rd r(q)] Frrr T rrfrrr T Tangente

https://en.wikipedia.org/wiki/File:Newtonlteration_Ani.gif



13| | HEIDELBERG
¥/ | ZUKUNFT
SEIT 1386

Numerical method 2: Gradient

= Gradient method (max descent)
= Minimize the error function

H(q) = 2 ||rg- f(@)||? = V2 [rg - f(Q)I7 [rq - F(q)]

In multidimensional problem we want to find the gradient which is zero and there fore we are in a
point of minimum, where the difference between the f.(q) and ris close to zero.
We choose the norm of H(q): it always positive or zero when we have solution.

The method is the following: q'<+1 = C|I< - A VqH(qk)

VqH(q) = - JrT(q) [rd B fr(q)]

qk+1 — qk + o JrT(qk) [I‘d - fr(qk)] The iteration to be set up is this with a which is
the iteration step.



) g Numerical method 2: Gradient
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q<tt = g + o J.T(g*) [rg - f.(q)]

= the scalar step size o > 0 should be chosen so as to guarantee

a decrease of the error function at each iteration (too large
values for oo may lead the method to "miss” the minimum)

= wWhen the step size a is too small, convergence is extremely slow

The good advantage respect to the Newton method is that we don t use
an inverse of the Jacobian and therefore there is no danger of unstable
computations.
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Revisited as a "“feedback” scheme

J"(a)

q(0)

'

f.(q)

Y

J

ry = cost

(a=1)

e=ry-f(q) > 0 < closed-loop equilibrium e=0 is asymptotically stable

V = 14 ele > 0 Lyapunov candidate function

V=eé=ed (rg-f(q) =-€'], qg=-¢e"]]"e <0

dt

V=0 & ec Ker(J.T)

asymptotic stability

in particulare = 0



) Properties of Gradient method
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s computationally simpler: Jacobian transpose, rather than its
(pseudo)-inverse

= direct use also for robots that are redundant for the task
= may not converge to a solution, but it never diverges

s the discrete-time evolution of the continuous scheme
q<tl=g* + AT 3.7(d") [rq - f(d)] (o= AT)
IS equivalent to an iteration of the Gradient method

= scheme can be accelerated by using a gain matrix K>0
q=7J'(q)Ke

note: K can be used also to “escape” from being stuck in a stationary point,
by rotating the error e out of the kernel of JrT (if a singularity is encountered)



- Case Study Newton Vs Gradient
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2R robot with |; = |, = 1, desired end-effector position ry = pg = (1,1)
direct kinematic function and error
(G +Cp o _f(n (M-
(@=($19Y)  e-pi-t@-(g)-t@
Jacobian matrix

o panc) (-(s,+s12) -sm)

direct kinematics
Py=1l¢ci+1¢p

py=1lis;+ 1,8y,

L‘J

data dy, g> unknowns




Case Study Newton Vs Gradient

qk+1 qk + ] -l(qk) [rd _ r(qk)] Y, direct kinematics
’ Px=lici+1cp

py=1lisy + 18,

L'J

data dy, 9> unknowns

qktt = gk + a J.7(g¥) [rq - f.(g")]

s Newton versus Gradient iteration

det J(q) -

p—— —_—

\ 1 ( Co» Si2 ) e,
PSS, \” a=q
2

(C+C,) (s +5S;,) =kh G§Q+qﬂ
S, +S,,

=S G

((&+&9 q+q%

a=q" lq - fr(q)



Y — Error function
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= 2R robot with |;=I,=1, desired end-effector position py = (1,1)

squared Canesian distance from solutions for p = (1,1 ) iso-lgvels of Canesian distance from the two soktions (") forp = (1.1)

e = pq - fi(q)

3

Lol

d:
plot of ||e]|*as a function of q = (q;,q,)

two local minima
(inverse kinematic solutions)



Error reduction by Gradient method

= flow of iterations along the negative (or anti-) gradient

Ino-levels of Cartesian diatance rom e two soltons (") forp = (1,1)

one solution’ "\~

_“another st.% .

| L..the other solution

(duqv_); =(0:}[/ 2) zQ1IQ2)" =(n7 2,/1/2)



Error reduction by Gradient method

= two possible cases: convergence or stuck (at zero gradient)

Pt Convergence analysis

when does the gradient method get stuck?

= lack of convergence occurs when
= the Jacobian matrix J.(q) is singular (the robot is in a “singular configuration”)

/ Sk = AND the error is in the “null space” of 1,'(q)
(E' C.'flg’calmézimun? : V);j_._ggi_-_‘_s,addlépoint .".";:;:;::::: 1 /
stop if thisis the initial guess (stop after some iterations). . - 1 :; - -
' ¢ \ A s ¢ pd_(1) Pq /e=pd_p=(}'gJ

9z

J;r(q)=('(31 +5,,) C|+CI2L - =(_ﬁ ﬁ]

-S
a, Dy® 12 G

_CJ
/ (91,92)saddie =(11/4,0) e € Ker(J,")

p, €€ Ker(J,") !!

e e Ker(J,") the algorithm will
r proceed in this case,
\ moving out of
p the singularity

(qlfqz)max =('3T[/4,0) 4/)/.(-q1,q2) =(]‘[/9,0)

l(qlqu)max =('3TI/4,0) (qlqu)saddle =(Tl/4,0),

1
e € Ker(J,7) !
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Issues in implementation

= initial guess g°
= only one inverse solution is generated for each guess
= Mmultiple initializations for obtaining other solutions

= optimal step size a in Gradient method

= a constant step may work good initially, but not close to the
solution (or vice versa)

= an adaptive one-dimensional line search (e.g., Armijo’s rule) could
be used to choose the best a at each iteration
= stopping criteria

Cartesian error

(possibly, separate for “ Mg = f(qk) ” <& iilg;rri:;:‘lt qu"'l-qk“ < Eq
position and orientation)
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e Inverse kinematics of polar (RRP) arm

F Y

Pz[---..

Note: Px = 43 G, Cq
g, is NOT a _
DH variable! Py = d3 €25

p,=d; +0ss;

px2 + pyz + (pz B d1)2 = q32

g q; = + \/pxz + pyz + (pz : d1)2

our choice: take here only the positive value...

If g3 = 0, then q; and g, remain both undefined (stop); else

(if it stops,
G2 = ATAN2{(p, - d1)/d3, £ V(p2 + PD)/a?}  asingular case:
2 or 1
if py2+p, = 0, then g; remains undefined (stop), else sgglutio:s)

q; = ATAN2{p,/c,, p,/c;} (2 regular solutions {q,,q,,95})

we have eliminated ;>0 from both arguments!



Numerical tests on RRP robot

RRP/polar robot: desired E-E positionry=py = (1, 1 ,1)
with d,=0.5

the two (known) analytical solutions, with g; = 0, are:

q* = (0.7854, 0.3398, 1.5)

q*

"=(g,-m,n-q,,05) = (-2.3562, 2.8018, 1.5)

norms € = 10~ (max Cartesian error), €q =10 (min joint increment)
Kax=15 (max # iterations), |det(J,)| < 10 (closeness to singularity)

numerical performance of Gradient (with different steps o) vs. Newton
test 1: @°= (0, 0, 1) as initial guess

test 2: @ = (-t/4, /2, 1) —"singular” start, since ¢,=0

test 3: @ = (0, /2, 0) —"double singular” start, since also q;=0
solution and plots with Matlab code



s | gft= g+ 3@ [rg - f(q9] | art=gf 4 a3 T(g) [rg - f(q)]

Numerical test - 1

= test 1: q%= (0, 0, 1) as initial guess; evolution of error norm

Gradient: o = 0.5/ Gradient: oo = 1 Gradient: o = 0.7
E | 5 | _ ] § |
too large, oscillates | ¢ | |
: : around solution - good, converges
fos | 300 g oo in 11 iterations
slow, 15 (max) <
2 iterations g s
DCI 1 2 Ia 4 5 6 .t? DB g 10 11 12 13¥;5 D(J 1 2 Ia 4 ,;.‘ IIE It?m é IB 10 1 1I2 13 Ild- 15 DCI 1 2 3 A 5 ) ai 7 1 1] 10 1
. !qewlon mglhudr ' E:: . [ rfel n arm vmm.nerﬂi . - 0. 57_ 10'5
Newton £ /\/ |
—'1.2 - . ocl : ex
5 Cartesian errors ' 2 ? ¢ s
component-wise . : . : : .
i very fast, converges - EK
in 5 iterations " _ , &
En_a o 1 2 3 4 &
g 06 . . .
: | : \,\ e,
¢ 1 : : ! 9 1 2 a 4 5

iterations 0 . 1 5 . 1 0_8 iterations
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Numerical test - 1

=« test 1: 2= (0, 0, 1) as initial guess; evolution of joint variables

5 Joint variables 08 Joint variables é Joint varabies
06 | 08
) k- S 08
- 05 E o4 i &
2 & & 04
02 02
) s - 0 L L J oY i ra L L
0 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 0 1 2 3 4 5 6 7 8 9 0 1 0 1 2 3 4 5
1 — — - -— - - - +- - — — - 04 v - v y v - v v v v v . 08 T
03 4 06
g 05 1 g K]
£ £ o2 { E o4
& o J & L
0.1 ] 0.2
05 3 s b ble—b————————— -t . 0 i n 1 0 " i A .
0 1 2 3 A 5 6 7 8 9 10 11 12 13 14 15 0 1 2 3 4 5 6 7 8 8 10 " 0 1 2 3 4 5
1.8 - 1.8 ——r ' ' . 18-
16 - 18 { 16
£ £ E
= 14 PR R T S = 14 1 14
& & &
12 12 i 12
1 L " L L " 3 H i 1 L A
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 () 1 2 3 4 5 8 7 8 9 10 1 0 1 2 3 4 5
ferations fteratons Rorations

Gradient: o0 = 1 Gradient: oo = 0.7 Newton

not converging converges in converges in

to a solution 11 iterations 5 iterations

\ J
|

both to the same solution q* = (0.7854, 0.3398, 1.5)




s Numerical test -2 @9+ @) - (@
g q<tt= g+ J1(q") [ry - £(q¥)]
s test 2: q”— (—11:/4 n/Z 1): singular start

. PSS Nevton ot with check of
< singularity:
blocked at start

)] E

£ =

s L g _

c | a <—> without check:
S i i it diverges!
o ¢k

Gradient :
o =0.7 ' |

3 4 85 8 7 8 9 10 14 01 2 3 4 5 & T B 8 10 11 12 13 14 15
Nerasons \ iterations \

— Joint variables @ I‘ 'Jnim—varie:bleg_
starts toward 3™ ‘ £,
solution, but 1 JO! [ N N T S R B R
_slo*_uvly stops B .
(in singularity): § g '
. =+ 15708 - .
When cartESIan error -IE Yy 2 3 a4 s 8 7 8 8 w1 02 3 4 5 6 7 8 9 10 11 12 13 14 15
vector e € Ker(J,) © B
E:L £ OWW
L R T s e 7 o8 s owowm 201 2 3 4 5 6 7 8 9 10 11 12 13 14 15

iterations
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T Numerical test - 3
= test 3: g% = (0, n/2, 0): “double” singular start

Gradient mathod with constant step =0.7

Gradient (with a = 0.7) Newton
£ g | - (D starts toward solution is either
2 1 @ exits the double singularity  blocked at start
s . 0.96.10 | ® slowly converges in 19 or (w/o check)
o : |tfrat|0ns to the solution explodes!
\ a'=(0.7854,0.3398, 1.5) . “NaN”in Matlab
E . I:Fi'.IE
W _uzo : 5 3. e 1.u 1I| T 1.5 - 1.7 I.a - o1 E 3 4 5§ 6 7 H- 9 1t| 11 12 13 14 15 16 I'." 18 18
s rorrrremmmmRmmEn Fi I _® ..............
o X | 5 g "] P
g o -- o e
@ G iiiiiiiiiiiiiiiiii| e ESE NG ssnsensansnEn
_g o1 2 3 4 5 & T 8 9 1011 12 13 14 15 16 17 18 19 E 01 2 3 4 &6 B 7T B 9 1011 12 13 14 156 16 17 18 19
S = P ——
@®

e [m]
Gy [m]

| L L L
¢ 1 2 3 4 5 & 7 8 8 10 11 12 13 14 15 16 17 18 19 0 pb. ) I i i i
erations 01 2 3 4 5 6 7 8 9% 10 11 12 13 14 15 16 17 18 19

iterations




HE\ | UNIVERSITAT
4% | HEIDELBERG
£ | ZUKUNFT

W | sEiT1386

Final remarks

an efficient iterative scheme can be devised by combining

= Initial iterations using Gradient (“sure but slow”, linear convergence rate)
= switch then to Newton method (quadratic terminal convergence rate)
joint range limits are considered only at the end

= check if the solution found is feasible, as for analytical methods

in alternative, an optimization criterion can be included in the search
= driving iterations toward an inverse kinematic solution with nicer properties

if the problem has to be solved on-line
= execute iterations and associate an actual robot motion: repeat steps at
times t,, ty=t,+T, ..., t =t _+T (e.g., every T=40 ms)

« the “good” choice for the initial guess q° at t, is the solution of the previous
problem at t,_; (provides continuity, needs only 1-2 Newton iterations)

= crossing of singularities/handling of joint range limits need special care

Jacobian-based inversion schemes are used also for kinematic control,
along a continuous task trajectory ry(t)



The end!
—

Thank you for your Attentionlll

Any Questions?




