
INVERSE DIFFERENTIAL KINEMATICS



Statics for Robotics

The principle of virtual work states that in equilibrium the virtual work of 
the forces applied to a system is zero. Newton's laws state that at 
equilibrium the applied forces are equal and opposite to the reaction, or 
constraint forces. 
This means the virtual work of the constraint forces must be zero as well.

principle of virtual work at equilibrium  (dW=dF dx)=0

The principle of virtual work had 
always been used in some form 
since antiquity in the study of 
statics



Statics:
Geometric Jacobian 
(Generalizing of n-dof)

We use a new notation
JP = JL

JO = JA



Statics: 
Geometric Jacobian 
(Generalizing of n-dof)



Statics

It determines the relationship between the generalized forces applied to the end-
effector and the generalized forces applied to the joints

Let 𝝉 denote the (n × 1) vector of infinitesimal joint torques and 𝜸 the (m × 1) 

vector of infinitesimal end effector forces and torques where m is the 
dimension of the operational space of interest.

Let´s apply the principle of virtual work (dW=dF dx)=0

As for the end-effector forces:

As for the joint torques:



Statics

According to the principle of virtual work, the manipulator is at static equilibrium if and 
only if

the relationship between the (m) end effector forces/torques and the (n) joint 

torques is established by the transpose of the manipulator geometric 
Jacobian.





Jacobian: decomposition of subspaces
Kinematics 

Space of the end 

effector velocities ve
Space of the joint 
velocities ሶ𝒒

Space of the 
operational tasks





Range Vs Null Space



Space of the end effector 
forces/torques

Jacobian: decomposition of subspaces
Statics

Space of the joint torques 

Space of the 
operational tasks



Kinetostatic Duality



Kineto-Statics Duality (another notation)

The Null Space N(J) represents in this
case those solutions of joint kinematics
which do not produce any motion at the
end effector.

The Null Space N(JT) represents in this
case those solutions of end effector
forces which dot not produce any
torques at the joints.









Kinematic Singularities



Redundant Manipulators

When ve and Jacobian J are given (for a given configuration q), it is desired to find the 

solutions ሶ𝒒 that satisfy the linear equation and minimize the quadratic 
cost functional of joint velocities.

Minimization of the joint velocity is required for the singular position where the robots

assume high speed at the end effector for low joint velocity.





Singularity Decoupling
(1) Anthropomorphic Arm

https://www.youtube.com/watch?v=zlGCurgsqg8

https://www.youtube.com/watch?v=BJnZvwAE0PY







It measures how 
close we are 
during motion to 
the singularity











Solution 



















The end!


